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We show that the combined system of general relativity with a non minimally coupled electromagnetic
field presents a bifurcation in a cosmical framework driven by a cosmological constant. In the same
framework we show the existence of states such that the resulting combined energy (the sum of
the minimally and the non minimally coupled energy momentum tensor of the electromagnetic field)
vanishes in a sort of violation of the action-reaction principle.
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2I. INTRODUCTION
In the early 1984, M. Novello and Ligia Rodrigues [1] analysed the presence of a bifurcation in the universe driven
by a viscous fluid. In this kind of classical description, the isotropic pressure of the stress-energy tensor is written as a
polynomial of the expansion factor θ,
p˜ = p + αθ + β θ2. (1)
As they showed, dissipative processes can provoke the appearance of bifurcation in autonomous non-linear differential
equations, as is the case of the equations of general relativity in a spatially isotropic and homogeneous universe. The
present paper constitutes the return to the open questions of this kind of indeterminacy in cosmological solutions in a
very distinct context.
In the standard cosmological description of the electromagnetic fluid as the main source of primordial gravitational field,
a sort of average procedure must be made once the geometry is identified to a spatially homogeneous and isotropic metric.
This led to describe the electromagnetic effect as nothing but a cosmical fluid with density of energy ρ = 1/2 (E2 +B2)
and pressure p = 1/3 ρ given by the traceless property.
The exam of the global properties of the space-time suggests the question: What is the effect on this description if
the coupling of the electromagnetic field to gravity is non minimal and contains functions of the curvature? We shall see
that with the same sort of average procedure as in the standard minimal coupling, there is a sea of bifurcations when
general relativity is combined with non-minimal interaction of gravity with linear electromagnetic field.
II. DUALITY ROTATION IN MINIMAL AND NONMINIMAL COUPLINGS
Consider the Einstein and Maxwell theories described by the minimally coupled Lagrangian
L =
1
2 k
R − c
2
4
F, (2)
in which F := Fµν F µν = 2(B2 − E2). The field equations for the metric are given by (see the Appendix I for definitions
and conventions)
Rµν − 1
2
Rgµν = −κT γµν , (3)
where the curvature tensor is defined as
vα;µ;ν − vα;ν;µ = Rαβµνvβ (4)
and the Maxwell energy-momentum tensor is
T γµν = Φµν +
1
4
F gµν , (5)
with Φµν := Fµα F
α
ν .
It is well known that the Maxwell equations are invariant under the global duality rotation R(α) of the electromagnetic
field, stated by the relations
Fµν
R(α)7−→ F ′µν = cosαFµν + sinα
∗
F µν
∗
F µν
R(α)7−→
∗
F
′
µν = − sinαFµν + cosα
∗
F µν ,
(6)
with
∗
F µν :=
1
2
ηµνκλFκλ . (7)
Moreover the Lagrangian (2) is invariant in first order on the dual angle,
3F
′
µν ≈ Fµν + α
∗
F µν
∗
F
′
µν ≈ − αFµν +
∗
F µν ,
(8)
from which it follows, up to a total divergence
F ′ ≈ F. (9)
Furthermore there is no effect on the dynamics of the metric once the Maxwell’s energy-momentum tensor T γµν is
invariant under the global map R(α),
T γ
′
µν = T
γ
µν . (10)
The proof of this is immediate and one should use the algebraic properties of the electromagnetic tensor shown in the
Appendix I.
Now comes the question: is it possible to generalize the interaction between these two fields for a non-minimal coupling
in which the curvature tensor appears in the interacting term with the electromagnetic field in such a way that the theory
remains invariant under R(α)? The answer is yes and the corresponding interacting Lagrangian is provided by [2, 3]
Lint = ζ Cµν Φ
µν , (11)
where ζ is the nonminimal coupling constant with dimensionality of length2, and
Cµν := Rµν − 1
4
Rgµν . (12)
Note that this extra term Lint is invariant even in the case the rotating angle depends on spacetime. In other words,
gravity is responsible for recovering the global invariance of electromagnetic field and introducing a new symmetry without
counterpart in the Maxwell’s theory. The Lagrangian of interaction (11) can be written in the equivalent form
Cµν Φ
µν = Rµν T
µν
γ . (13)
One can go a step further and instead of use the contracted Riemann tensor Rµν one can consider the conformal Weyl
tensor Wαβµν to describe nonminimal coupling. In this case there is a generalized dual rotation that acts both on the
Weyl and Faraday tensors that leaves the interaction of the combined electromagnetic and gravitational fields invariant.
It is shown in the appendix that such duality invariance occurs if the rotating angle for the spin-2 field, represented by the
Weyl conformal tensor, is precisely twice the spin-1 rotating angle, that acts on the electromagnetic field. In the present
paper we limit our analysis to the above Lint .
Traditionally the discussion on the duality rotation of the electromagnetic field concerns to the exam of compatibility of
magnetic monopoles with the quantum theory, a question introduced by the seminal paper of Dirac in 1931 [4]. Despite
this, the present work follow another possible path.
III. THE FIELD EQUATIONS
Let us start by choosing the action principle as given by
δ
∫ √−g ( 1
2 k
R − c
2
4
F +
ζ
2
Cµν Φ
µν + Lm
)
= 0 (14)
where Lm is the rest of matter contribution. The equation of the metric is given by
Rµν − 1
2
Rgµν = −T γµν − ζ Zµν − Tmµν (15)
where
Zµν = − 1
2
gµν (Rρσ Φ
ρσ +
1
4
RF ) + Rε(µ Φν)ε + R
ρσ Fρµ Fνσ − 1
2
RΦµν +
1
4
F Rµν
+
1
2
Φε(µ;ν);ε +
1
4
F;µ;ν − 1
2
gµν(Φ
ρσ
;σ;ρ +
1
2
2F )− 1
2
2Φµν . (16)
The equation for the electromagnetic field is
F µν ;ν + ζ (C
µ
 F
ν + F µ C
ν);ν = 0. (17)
4IV. THE AVERAGE PROCEDURE
We are interested in analyze the effects of the non minimal coupling in the standard spatially isotropic and homogeneous
metric. To be consistent with the symmetries of this choice of the metric, an averaging procedure must be performed
if electromagnetic fields are to be taken as a source for the gravitational field, according to the standard procedure [5].
The definition of the average of a quantity Q at a instant t is given by
< Q > = lim
V→∞
1
V
∫ √−g Q d3x, (18)
with V =
∫ √−gd3x. As a consequence, the components of the electric Ei and magnetic Bi fields must satisfy the
following relations:
< Ei > = 0, < Bi > = 0, < Ei Bj > = 0, (19)
< Ei Ej > = − 1
3
E2 gi j , (20)
< Bi Bj > = − 1
3
B2 gi j . (21)
where E and B depends only on time. Besides we assume that the time derivative operation commutes with the average
procedure, that is we set
∂t < Ei Ej > = < ∂t (Ei Ej) >, (22)
∂t < Bi Bj > = < ∂t (Bi Bj) >, (23)
∂t < Ei Bj > = < ∂t (Ei Bj) > . (24)
Using the above average values it follows that the Maxwell energy-momentum tensor Tmµν reduces to a perfect fluid
configuration with energy density ργ and pressure pγ given by
< T γµν > = (ργ + pγ) vµ vν − pγ gµν , (25)
where
ργ = 3pγ =
1
2
(E2 + B2), (26)
Note that
< Φµν > =
2
3
(σ2 + 1)X vµ vν +
1
3
(σ2 − 2)X gµν , (27)
where we have set E2 = σ2B2. For simplicity, from now on we will write B2 = X.
Let us look for the other part < Zµν > .
A. Zµν interpreted in terms of a perfect fluid
In the case of non minimal coupling with gravity the extra term for the energy-momentum tensor Zµν is rather involved
once it contains terms depending on the curvature. Let us set for the metric the form
ds2 = dt2 − a2(t) (dx2 + dy2 + dz2) (28)
In this case
R00 = θ˙ +
1
3
θ2, (29)
Ri j =
1
3
(θ˙ + θ2) gi j , (30)
R = 2 θ˙ +
4
3
θ2, (31)
5where we have defined the expansion factor θ = 3 a˙/a.
Using these results one obtains
< Zµν > = M gµν + N vµ vν +
1
3
(σ2 + 1)X,;(µ vν) v

+
2
9
(σ2 + 1) θ X,(µ vν) +
1
3
(σ2 + 1)X Rα(µ vν) vα
− 1
6
(σ2 + 1)X,µ;ν +
1
2
(
σ2
3
− 1)X Rµν . (32)
with M and N defined by
M = − 1
6
(σ2 + 1) X¨ − 5
18
(σ2 + 1) θ X˙ +
1
18
(1− 5σ2)X θ˙ − 2
9
σ2 θ2X, (33)
and
N = − 1
3
(σ2 + 1) X¨ − 1
3
(σ2 + 1) θ X˙ − 2
9
(σ2 + 1)X θ˙ − 2
9
(σ2 + 1)X θ2. (34)
B. The perfect fluid
From what we have shown we can analyze the effects of the non minimal coupling of the electromagnetic field with
gravity in a spatially homogeneous and isotropic geometry in terms of the standard equation of general relativity and a
mixed fluid as in equation (15). In order to compatibilize the theory with a spatially homogeneous and isotropic metric
one must analyze its corresponding heat flux qµ and the anisotropic pressure piµν which are defined for an arbitrary
energy-momentum tensor Tµν as
qλ = Tαβ v
β hαλ (35)
Πµν = T
αβ hαµ hβν + p hµν (36)
where
hµν = gµν − vµ vν (37)
and the pressure
p = − 1
3
Tµν h
µν . (38)
In the case of tensor Zµν it is a rather long although direct calculation to show that both qµ and piµν vanish. This
yields the remarkable consequence that we can write the coupled energy-momentum tensor Zµν in the form of a perfect
fluid
Zµν = (ρz + pz) vµ vν − pz gµν
where
ρz = − 1
6
(σ2 + 1)θ X˙ +
1
3
σ2 θ˙ X − 1
6
(σ2 + 1) θ2X, (39)
and
pz =
1
6
(σ2 + 1) X¨ +
1
3
(σ2 + 1) θ X˙ +
1
9
(2σ2 + 1) θ˙ X +
1
6
(σ2 + 1) θ2X. (40)
We will now show that this system admits a bifurcation point. Before this, let us make a short presentation of the
mathematical scheme.
6V. CONDITIONS FOR THE BIFURCATION POINT
Let p and q be two variables which characterize a physical system - described in the phase plane (p, q) - whose evolution
in time t is given by the planar autonomous system of differential equations
p˙ = f (p, q, λ)
q˙ = h(p, q, λ) ,
(41)
in which f and h are non-linear functions. The system is called autonomous because the right-hand side of (41) does not
contain explicitly the time variable t. We have add to (41) a parameter λ which has a given range M on the real axis
and distinguishes special interactions among parts of the physical system.
The states of equilibrium of the system (41) are given by the points in the phase plane (p, q) for which f and h are
simultaneously annihilated. A multiple equilibrium state is called a bifurcation point if for a given value of the parameter,
say λo , the topological behavior of the integral curves changes discontinuously when passes the value λo .
This physical situation of instability of the singular point in the phase plane, coupled to the aleatory character of the
fluctuations which the system can undergo, extinguishes almost completely the possibility of predictions. In other words,
the system arrived at the vicinity of a bifurcation point evolves in a non-deterministic way, which is a situation already
implicitly contained in the equations used to describe the system. The proof of this is based on Bendixson’s theorem [6]
which states that the Poincaré index - which is a kind of measure of the topological properties in the neighborhood of
the singular point - of a multiple equilibrium state is given by the relation
Ip =
E −H
2
+ 1 , (42)
in which E and H represent, in the phase plane, the number of elliptical and hyperbolic sectors, respectively.
The sudden modification of the topological properties of the integral curves of the system in the phase plane represents
an abrupt change of behavior of the physical system in the vicinity of the unstable point. The crucial consequence of
this is the appearance of non-deterministic features in the metrical properties of the universe, even in a classical and
non-statistical description.
VI. AN EXAMPLE OF COSMOLOGICAL SOLUTION WITH BIFURCATION
Start by assuming that the expansion factor is a constant driven by Lm identified to a cosmological constant and the
electromagnetic fluid is just a test field (in the next section we will show that there is a state such that the energy of the
fluid interacting nonminimally with gravity, the Zµν contribution is supressed). We look for the fundamental state of the
cosmic fluid, that is we set
p + ρ = 0, (43)
where
ρ = ργ + ζ ρz
p = pγ + ζ pz .
which yields the differential equation
ζX¨ + ζθ0X˙ + 4X = 0. (44)
The analytical solution is immediate and no further investigation should be required from the mathematical viewpoint.
However the richness of the cosmological questions leaves us for searching another property. In this vein we will investigate
the global behaviour of such dynamics by asking: can the topology of the dynamical system describing such cosmological
solution change in time? The most simple and direct qualitative analysis [6], [7] reveals the important properties of the
planar autonomous system
7X˙ = Y (45)
Y˙ = − 4
ζ
X − θ0Y. (46)
There is a critical point at the origin (X, Y ) = (0, 0). The corresponding matrix ∆ = ∂(X˙, Y˙ )/∂(X, Y ) is given by
∆ =
(
0 1
−4/ζ −θ0
)
. (47)
The determinant is positive when ζ > 0. In this case the equilibrium point is a focus, stable for θ0 positive and unstable
for θ0 negative (as shown by the figures 1a). For ζ < 0 yields det∆ < 0 and consequently the equilibrium point is a
saddle (see the Figures 1b). If det∆ 6= 0, the only one singular point is the origin [6]. The case
lim
ζ←→∞
det ∆ = 0
implicates entire lines of singular points.
FIG. 1: Dynamical system with θ0 > 0 (to left) and θ0 < 0 (to right).
(a) ζ > 0:
3 2 1 0 1 2 3
X
3
2
1
0
1
2
3
Y
3 2 1 0 1 2 3
X
3
2
1
0
1
2
3
Y
(b) ζ < 0:
3 2 1 0 1 2 3
X
3
2
1
0
1
2
3
Y
3 2 1 0 1 2 3
X
3
2
1
0
1
2
3
Y
The index of Poincaré of a simple equilibrium state is +1 in the case of a node or focus and is −1 in the case of a
saddle point. Thus this system contains potentially a change of topology that is the necessary condition for the existence
of a bifurcation point [6].
Let us point out the dependence of the bifurcation point on the value of the non minimal coupling constant. Besides,
this property of exhibiting bifurcation is very general, valid for almost all relationship between p and ρ except for the case
of a "pure" electromagnetic radiation, that is, p = 1/3ρ.
8VII. ENERGY SUPRESSED BY CURVATURE OR STATES THAT VIOLATE THE ACTION-REACTION PRINCIPLE
A very unexpected result of the property of reduction of the energy distribution of the non minimal coupling of the
electromagnetic field to gravity to a perfect fluid as showed above concerns the possibility of a state such that the
combined energy-momentum tensor of the free field plus the interacting term, interpreted as the equations of General
Relativity (see equation (15)), does not drive the gravitational field. How is this possible? Let us show it. From the
average procedure the coupled system that remains to be solved reduces to the conservation of the energy ρm + ρz and
the evolution equation for the expansion factor. Let us analyze the case in which the gravitational field is due only to
the extra matter represented by the term Lm in the total Lagrangian (14) by imposing the two conditions: i) the sum of
the density of energy of the part of the electromagnetic field coupled minimally to gravity ργ with the density of energy
of the part of the electromagnetic field coupled non minimally to gravity ρz vanishes; ii) the sum of the pressure of the
part of the electromagnetic field coupled minimally to gravity pγ with the pressure of the part of the electromagnetic
field coupled non minimally to gravity pz , vanishes, that is,
ργ + ζρz = 0 (48)
pγ + ζpz = 0. (49)
which led to the equations
3X − ζ (θ0 X˙ + θ20 X) = 0 (50)
X + ζ (X¨ + 2 θ0 X˙ + θ
2
0 X) = 0. (51)
Solving this system yields an explicit example of a state of the electromagnetic field that is acted by gravity but that does
not modify the gravitational field. We thus obtain
B2(t) = constant exp
(−4
3
θ0t
)
(52)
VIII. CONCLUDING REMARKS
The combination of fields interacting with gravity in both, minimal and non minimal way allows the possibility to the
existence of states such that in a curved geometry the corresponding energy can be annihilated. We have presented here
a specific example for the electromagnetic field. However, this property is not restrict to this case. It can appears also
in other contexts, for other types of matter source. A scalar field coupled minimally and non minimally to gravity also
exhibit states that violates the action-reaction principle. We will come back to these cases elsewhere [8]. Furthermore,
the presence of bifurcation points in the energy tensor under inspection is an example of physical situations where local
causality could destroy the global causality of space-time. Maxwell’s electromagnetic field, considered the prototype of
classical field theory and therefore the most proeminent test-field of "deterministic" physical systems, could be responsible,
when interacting directly with gravity, for generate non-deterministic cosmological situations even in the representation of
perfect fluid. Therefore, the electromagnetic field, in the realm of General Relativity, may imply at least one information
about the topology of the dynamical system describing the universe, namely, that it may be not unique.
IX. APPENDIX I: MATHEMATICAL COMPENDIUM
Tensor Tµν is obtained from Lagrangian Lm by
Tµν =
2√−g
δ
√−g L
δgµν
. (53)
This tensor admits a representation under the form
Tµν = ρ vµ vν − p hµν + q(µ vν) + piµν , (54)
9where the 10 independent components are the energy density ρ, the pressure p, the heat flux qα and the anisotropic
pressure piαβ given in the frame of a time-like normalized vector
vµv νgµν = 1 (55)
by
ρ = Tαβ vα vβ (56)
p = −1
3
hαβ T
αβ (57)
qα = hαβ vγ Tβγ (58)
piαβ = hαµ hβν Tµν + p h
αβ. (59)
The tensors qµ and piµν satisfy the constraints
qµv
µ = 0, (60)
piµνv
µ = 0, (61)
piµνg
µν = 0, (62)
piµν = piνµ. (63)
Decomposition of any anti-symmetric tensor like Faraday tensor
Consider an observer endowed with normalized 4-velocity vµ. He decomposes Fµν into electric and magnetic parts
under the form:
Fµν = −vµ Eν + vν Eµ + ηµνρσ v ρBσ, (64)
where vectors electric (Eµ) and magnetic (Bµ) are given by
Eµ = Fµα v
α, (65)
Bµ = F
∗
µαv
α =
1
2
ηµαρσ F
ρσ vα. (66)
with
ηαβµν = − 1√−g ε
αβµν . (67)
It then follows that these vectors are orthogonal to vµ
Eµv
µ = Bµv
µ = 0. (68)
The six degrees of freedom of Fµν become represented by (3 + 3) quantities associated to vectors Eµ and Bµ. We can
construct two invariants
F := Fµν F
µν (69)
G := F ∗µν F
µν . (70)
The algebraic identities are satisfied:
∗F µα ∗Fαν − F µαFαν = 1
2
Fδµ ν , (71)
∗
F µα Fαν = −1
4
Gδµ ν . (72)
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X. APPENDIX II: THE WEYL TENSOR
Consider the general dual rotation R(α) of the electromagnetic field (section II) and the similar one R(θ) for the Weyl
conformal tensor [9]
W˜αβµν = cosθWαβµν + sinθW
∗
αβµν
W˜ ∗αβµν = −sinθWαβµν + cosθW ∗αβµν
(73)
A direct calculation shows that the quantity
L = Wαβγδ F
αβ F γδ (74)
is invariant under the coupled dual rotation if the rotating angles α and θ satisfy the condition
θ + 2α = 0. (75)
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